Optimal Line Breaking for Music

Here’s a formulation of the problem of typesetting bars of music on lines of constant width!.
We are given n bars (b, bs, ..., b,) and their lengths (1,1, ...,l,). The width of the page is
w.

A solution to the problem partitions the bars into lines, and is represented by (ay, as, ..., ag),
where 1 = a1 < as < --- < ap = n+ 1. The bars on a line must fit, i.e., l,, + 5,41 +
oot oy -1 < W, for 1 < h < k. The penalty for each line reflects how badly the bars
on it fit, and is given by ®(W — (lo, + la,41 + -+ + la,,1—1)), Where ® is a monotonically

non-decreasing function such as ®(z) = 2.

Our objective is to find a solution that minimizes the total penalty:
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Here’s a dynamic programming solution to this problem?. Let P; be the minimum penalty
for the subproblem (b;, b;y1,...,b,). Given i, let ¢, i < g < n, be the largest index such that
li4+ligi + ...l <W. Then,
b= ifsnjiélq{@(w = (li+lisn + ... 1)) + Pia ).

Le., to solve the subproblem (b;, b;11,...,b,), we place a number of bars starting from i on
the same line; then we solve the subproblem consisting of the remaining bars recursively. If
the last line need not span the entire width of the page, let P, = P,,; = --- P, = 0, where r
is the smallest index such that [, + (.1 + --- + [, < W. Otherwise just let P,,; = 0. The
minimal penalty will be given by P;. The algorithm runs in O(nm) time, where m is the

maximum number of bars that will fit on a line.
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